SHARP THEOREMS ON MULTIPLIERS AND DISTANCES IN 
HARMONIC FUNCTION SPACES IN HIGHER DIMENSION 

MILOS ARSENOVICf AND ROMI F. SHAMOYAN 

Abstract. We present new sharp results concerning multipliers and distance 
estimates in various spaces of harmonic functions in the unit ball of R" . 



1. Introduction and preliminaries 

The aim of this paper is twofold. One is to describe spaces of multipliers between 
certain spaces of harmonic functions on the unit ball. We note that so far there are 
no results in this direction in the multidimensional case, where the use of spherical 
harmonics is a natural substitute for power series expansion. In fact, even the case 
of the unit disc has not been extensively studied in this context. We refer the reader 
to [8], where multipliers between harmonic Bergman type classes were considered, 
and to [1] and [5] for the case of harmonic Hardy classes. Most of our results are 
present in these papers in the special case of the unit disc. 

The other topic we investigate is distance estimates in spaces of harmonic func- 
tions on the unit ball. This line of investigation can be considered as a continuation 
of papers p], [6] and [7]. 

Let B be the open unit ball in M™, § = <9B is the unit sphere in M™, for x G R n 



where r = \x\ = ■J X)J=i x "j ano - x ' ^ ^- Normalized Lebesgue 
measure on B is denoted by dx = dx\ . . . dx n = r n ~ 1 drdx' so that J B dx = 1. We 
denote the space of all harmonic functions in an open set fi by h(fl). 

We consider harmonic weighted Bergman spaces v4„(B) on B defined for a > — 1 
and < p < oo by 

A p a (B) = j/ £ M») : \\f\\ P ,a = Qf \f(rxTa ~ rYr^drdx^j '* < oo J , 

^(1) = (/ G M») : \\f\U a = sup \.f(x)\(l - \x\) a < co 

It is easy to show that the spaces A? a — ^4q(B) are Banach spaces for 1 < p < oo 
and complete metric spaces for < p < 1 . 

For 0<p<oo, 0<r<l and / G h(M) we set 



M p (f,r) = (Jjf(rx')\i>dx^ 



i/p 



f Supported by Ministry of Science, Serbia, project M144010. 
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with the usual modification to cover the case p = oo. Weighted Hardy spaces are 
defined, for a > and < p < oo, by 

HP(M) = HP = {fe MB) : ll/IU = supM p (/,r)(l - r) a < oo}. 

r<l 

For a — the space is denoted simply by H p . 

For < p < oo, < q < oo and a > and we consider mixed (quasi)-norms 
||/|| p ,g; Q defined by 

(1) ll/IU«= M q (f,ry(l-r 2 r p - 1 r n - 1 dr^ ' , / G /i(B), 

again with the usual interpretation for p — oo, and the corresponding spaces 

B™(m) = B™ = {f£h(M);\\f\\ p , g;a <<*>}. 

It is not hard to show that these spaces are complete metric spaces and that for 
min(p, q) > 1 they are Banach spaces. 

Note that A™ = H™ for a > and = H« for < q < oo, a > 0. We also 

have, for < p < p x < oo, B^ 1 c Bg 1 ' 1 , see [3]. 

Next we need certain facts on spherical harmonics and Poisson kernel, see [5] for 

r{k) 

on §. Next, 



a detailed exposition. Let Yj ' be the spherical harmonics of order k, j < 1 < dk, 



Z { *\y') = Y J Yi k \x)Y?\y') 

are zonal harmonics of order k. Note that the spherical harmonics , {k > 0, 
1 < j < rffc) form an orthonormal basis of L 2 (E>,dx'). Every / £ ft,(B) has an 
expansion 



/(*) = /( ra ') = £>^- y V) 



fc=0 

where 6 fc = {b\, . . . ,b d k k ), Y k = {Y± k \. . . , Y^) and b k ■ Y k is interpreted in the 
scalar product sense: bk ■ Y k — Y^jLi ^k^j ■ We often write, to stress dependence 
on a function / £ h(M), bk = bk(f) and b\ = in fact we have linear functionals 

b{, k > 0, 1 < j < d k on the space h(M). 

We denote the Poisson kernel for the unit ball by P(x,y'), it is given by 

oo dfc 

P{x,y>) = P y ,(x) =Y, rk Y, Y j k \y')Y} k) (x') 

k=0 j=l 

1 l-\x\ 2 



nuj n \x - y'\ n ' 



x = rx' £ B, y' £ §, 



where w„ is the volume of the unit ball in M. n . We are going to use also a Bergman 
kernel for A P B spaces, this is the following function 



r(/3 + l + fc + n/2) , k (k) 
r(/3 + l)r(fc + n/2) 1 x ' yy ' 

For details on this kernel we refer to [3J, where the following theorem can be found. 



< 2 > <?^»-»£^; l '; ( ;;y^'y>. *-*.»-«^ 
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Theorem 1 ([3]). Let p > 1 and f3 > 0. Then for every f g A P p and x £ B we have 
f(x) = [ [ Qp(x, y)f(py')(l - p 2 fp n ~ l dpdy', y = py'. 

JO JS"- 1 

This theorem is a cornerstone for our approach to distance problems in the case 
of the unit ball. The following lemma from [3J gives estimates for this kernel. 

Lemma 1. 1. Let f3 > 0. Then, for x = rx' , y = py' € B we have 

(l-rp)-W C 
|Q ^' y)l " C \ P x- y r+W + (l-rp)W 

Lf moreover, ft > is an integer, then we have 

mX ^- \px-y'\^ - 

2. Let /3 > -1. Then 

C 



[ \Q f3 {rx',y)\dx' < 



(l-rpY+P' 

3. Let /3>n — l,,Q<r<l and y' 6 S n_1 . Then 



\y\ = p, < r < 1. 



dx' C 

< 



,-i \rx' -y'^ ~ {l- r f- n+1 ' 
Lemma 2 ([3]). Let a > — 1 and A > a + 1. T/ien 

<C{i- P )^-\ o< P <i. 

Lemma 3. Let G(r), < r < 1, be a positive increasing function. Then, for 
a > —1, f3 > — 1, 7>0 and < g < 1 we have 



(3) / G(r)± >—r a dr) <C G{ r y { - ' - r a dr, < p < 1. 

W Vio 1 - H 7 J Jo 1 - H 97 



A special case of the above lemma appears in [2], for reader's convenience we 
produce a proof. 
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Proof. We use a subdivision of / = [0, 1) into subintervals Ik — [r*, Tk+i), k > 0, 
where r k = 1 — 2~ k . Since 1 — pr k xl - prjt+i, < p < 1, we have 

l 



*)'-(§/* G( 



fc>0 V " J * \ r / / fe >g 

<C^2- fe ^G 9 (r fe+ i)2- fe «(l-pr fe+ i)-^ 

fe>0 

<C^2- fe ^G«(r fc+1 )2- fe «(l-pr fe )-^ 



r a dr 



<Cj2G q (r k+1 ) [ 

k>0 Jlk+i 



(1 - r )Pi+g-^ r a dr 
(1 - pr)«T 



" i W (1 - pr)^ 
Lemma 4. Jbr J > — 1, 7 > n + <5 and integer f3 > we have 

\Qp(x,y)\^(l - \y\) s dy < C(l - \x\) s ^+ n , x e B. 

Proof. Using Lemma [T] and Lemma [2] we obtain: 

\Q (x,y)\^(l-\y\) s dy<C [ | (1 7 lyl) ,| 7 dy 

Jb \prx' - y'p 

<C I (l-p)'{l-rp)'—'- l di, 
Jo 

<C(l-r) n+s -~<. □ 
Lemma 5 ([5]). For real s,t such that s > — 1 and It + n > we ftawe 

\i- ra) > r ^-i dr = i r (' + 1 W 2 + *) 

v ' 2 r(s+ 1 +n/2 + f) 

We set = {(x, t) : x e R n ,t > 0} C R n+1 . We usually denote the points in 



, by z = (x, t) or w = (y, s) where x, y £ R ra and s, t > 0. 
For < p < oo and a > — 1 we consider spaces 



+ 



A»(Rl +1 ) = Ap = ye /i(R+ +1 ) : / /(■'■■ l)\"r'L'-<ll ■-. x 
Also, for p = oo and a > 0, we set 

A»(R" +1 ) =1~ = J f€ h(W± +1 ) : sup /(,-. /)|/" ... v } . 
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These spaces have natural (quasi)-norms, for 1 < p < oo they are Banach spaces 
and for < p < 1 they are complete metric spaces. 

We denote the Poisson kernel for R™ +1 by P(x,t), i.e. 

p(x,t) = c rl - — — , ier,oo. 

Ol 2 + 1 2 )— 

For an integer m > we introduce a Bergman kernel Q m {z,w), where z = {x,t) G 
R^ +1 and w = (y, s) G R^ +1 , by 

(—2) m + 1 Q m + l 
Q m (z,w) = — — — ■— fI P(x-y,t + s). 

The terminology is justified by the following result from (3J. 

Theorem 2. Let < p < oo and a > -1. IfO<p<l and m > a+ ™ +1 - (n + 1) 
or 1 < p < oo and m > — 1, then 

pn+l 

J liKJ^m^i uyus, j c /i„, 4 c if 



(4) /(*)=/ /HQ m (z, W ) S m dyd S , /e^, z G R™ 4 



+ 

The following elementary estimate of this kernel is contained in (3J: 

(5) \Q m (z,w)\ <C[\x-y\ 2 + {s + t) 2 Y^ ±1 , z = (x,t),w = (y,s) elf. 
2. Multipliers on spaces of harmonic functions 

In this section we present our results on multipliers between spaces of harmonic 
functions on the unit ball. The following definitions are needed to formulate these 
theorems. 

Definition 1. For a double indexed sequence of complex numbers 

c = {4 : k > 0, 1 < j < d k } 
and a harmonic function f(rx') — J2T=o Ej=i ^^kif)^^ ' i x ') we define 

oo dk 

(c * f){rx') = J2I2 rV fc ^(/)>f V), rx' G B, 

fc=0 j=l 

if the series converges in B. Similarly we define convolution of f,g G h(M) by 

(f*g)(rx>)=Y.Y. r %W b i(m {k) (x')i rx'EM, 
k=o j=i 

it is easily seen that f * g is defined and harmonic in B. 

Definition 2. For t > and a harmonic function f(x) = X^fcLo °k(f)Y k (x') on the 
unit ball we define a fractional derivative of order t of f by the following formula: 

< AM *> - i Kttnmm ^ ■ 1 - ™' e »■ 

Clearly, for / G h(M) and t > the function A t h is also harmonic in B. 

Definition 3. Let X and Y be subspaces ofh(M). We say that a double indexed 
sequence c is a multiplier from XtoYifc*f(^Y for every f G X. The vector 
space of all multipliers from X to Y is denoted by Mh (X, Y) . 
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Clearly every multiplier c G Mh(X, Y) induces a linear map M c : X — > Y. If, 
in addition, X and Y are (quasi)-normed spaces such that all functionals bj. are 
continuous on both spaces X and Y, then the map M c : X — y Y is continuous, as is 
easily seen using the Closed Graph Theorem. We note that this holds for all spaces 
we consider in this paper : A v a , B^ q and H?. 

The first part of the lemma below appeared, in dimension two, in [5]. 

Lemma 6. Let f,gE h(M) have expansions 

oo d k oo d k 

k=0 j=l 1=0 i=l 

Then we have 

p co d k 

hg*P y ,)(rx>)f(px')dx' = Y, rk P k Y, b l4Y J ik) (y'), v' 6 S, 0<r,p<l. 

fc=0 j=l 

Moreover, for every m > — 1, y' € § and < r, p < 1 we have 



(g*P y ,)(rx')f(px')dx' 



iff k m+1 {g*P y ,){rRx')f{pRx l ){l-R 2 ) m R n - l dx'dR. 
Jo Js 



Proof. The first assertion of this lemma easily follows from the orthogonality 

3 



relations for spherical harmonics Yj k \ Using Lemma [S] and orthogonality relations 



we have 



1 = 2 f f A m +i(g * Py){rRx')f{pRx'){l - R 2 ) m R n ~ 1 dx'dR 
Jo Js 

- 2 t r k o k R 2k+n - 1 (l - p2yn r ( fc + n / 2 + m + jj y^^jyWjp 
~ '° ho T(k + n/2)T( m +l)f^ bk&kY i dR 

k=0 j=l 

which proves the second assertion. □ 

We note that {g * P y >)(rx') = (g * P x ,)(ry') and K t (g * P y '){x) = (A t g * P y >)(x), 
these easy to prove formulae are often used in our proofs. 

In this section f m , y stands for the harmonic function f m ,y(x) = Q m {x, y), y 6B. 
We often write f y instead of f m ,y Let us collect some norm estimates of f y . 

Lemma 7. For < p < oo and m > we have 



(6) 




< 


C(l - 


\y\r)~ 


—n- 


-m 


m e N. 




(7) 




< 


C(l - 


\y\r)~ 


-1- 


in 






(8) 


\\fm,y Wb^ 1 


< 


C(l - 


\y\) a 


-1- 


■m 

; 


m > a - 


-1, a>0. 


(9) 


\\fm,y Lb£'°° 


< 


C(l - 


\y\) a 


— n- 


- m 

; 


m e N, 


m > a — n 


(10) 


ll/m,y|Ui 


< 


C(l - 


\y\) a 


—m 


j 


m > a > 


-1. 


(11) 


ll/m.j/ILffi 


< 


C(l - 


\y\) a 


-1- 


■m 


m > a — 


1, a>0. 



Proof. Using Lemma [T] we obtain 

C 

Mooifm^^) = max|Q m (?/,ra/) < max- — — — = C(l - r|y|)~ 

x'es x'es \prx' — y'\ n + m 
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which gives ((6]). The estimate ([7|) follows from Lemma [U The estimates (j8]), for 
finite p, and (fTt)|) follow from Lemma [2] and ((?]). Similarly, for finite p (|9]) follows 
from (jSJ) and Lemma O Next, using ([7]), 

||/m,y||fli < C sup (1 - r) a (l ~ rp)- m -\ p=\y\. 

0<r<l 

The function <f>(r) = (1 — r) Q (l — rp)^" 1 ^ 1 attains its maximum on [0, 1] at 

r = 1 - (1 - P) -7T— r, 

p(l + m — at) 

as is readily seen by a simple calculus, and this suffices to establish and there- 
fore © for p — oo. Finally, © directly follows from Lemma [U □ 

In this section we are looking for sufficient and/or necessary condition for a 
double indexed sequence c to be in Mh(X,Y), for certain spaces X and Y of 
harmonic functions. We associate to such a sequence c a harmonic function 

(12) ^(0:)= g(x) = Er fc ^4F. ( V), ^a'el, 

fc>o i=i 

and express our conditions in terms of g c . Our main results give conditions in terms 
of fractional derivatives of g c , however it is possible to obtain some results on the 
basis of the following formula, contained in Lemma |6j 

(13) (c * /)(rV) = f(g * P y ,)(rx')f(ry')dy'. 



Using continuous form of Minkowski's inequality, or more generally Young's in- 
equality, this formula immediately gives the following proposition. 

Proposition 1. Let c = {cj. : k > 0, 1 < j < dk} be a double indexed sequence and 
let g(x) = X)fe>o rk y^j— i c^Yj^ i x ') be the corresponding harmonic function. If 

\(g*P v >)(rx')\ p dx' <C, y'eS, < r < 1, 

then c S M H (H\HP). 

More generally, if 1/q + 1/p = 1 + 1/?', where 1 < p, q, r < oo, a + 7 = j3, 
a,/3, 7 > and g e HP, then c G M H (Hg,H£). 

The first part of the following lemma, which gives necessary conditions for c to 
be a multiplier, is based on [2]. 

Lemma 8. Let < p, q < 00, 1 < s < 00 and m > a — 1. Assume a double indexed 
sequence c — {c J k : k > 0, 1 < j < d^} is a multiplier from B^ 1 to B^ s and g = g c 
is defined in (I12p . Then the following condition is satisfied: 

(14) N s (g)= sup sup(l-p)" l + 1 - a+/? ( ( \k m+l {g*P x ,){py')\ s dx') 1 < 00, 

0<p<ly'eS \Js / 

where the case s = 00 requires usual modification. 

Also, let < p < 00, 1 < s < 00 and m > a — 1. //a double indexed sequence 
c = {(P k : k > 0,1 < j < dk} is a multiplier from BQ 1 to Hi, then the above 
function g satisfies condition (|14ll . 
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Proof. Let c G Mh-(BJ' 1 , Bp' s ), and assume both p and g are finite, the infinite 
cases require only small modifications. We have ||M C /|| B 9.= < C||/|| b p,i for / in 
B%> . Set h y — M c f y , then we have 



moreover 



^ r(fc + n/2)r(m 



(16) IIMiJj-^tfll/Jii&i. 
This estimate and Lemma [8] give 

(17) HMnjr < C(l - \y\) a - m -\ yeM. 

Note that h y (x) = A m+ i(g * P y i)(px), using monotonicity of M s (h y ,r) we obtain: 

l/a / .1 \ -1/9 



(18) <C(l-p)^||^|| sr . 
Combining $F5§ and {TZD we obtain 

n\A m+l (g*P x ,)(p 2 y')\ s dx^ ' < C(l - p)-"-"- 1 , 

which is equivalent to (|14p . The case s = oo is treated similarly. 

Next we consider c 6 Mh{B^ ,H%), assuming < p < oo. Set h y — M c h y = 
g * f y . We have, by Lemma [7j 

\\f y \\ B ,A < C(l - \y\r- m -\ yen, 
and, by continuity of M c , \\h v \\if' < CII/i/IIb""' 1 - Therefore 

\\h v \\ H s<C(l-\y\r- m -\ yel. 
Setting y — py' we have 

V(P 2 )= (JjA m +i(9*P x <)(p 2 y')\ s dx^ 1 =U\A m +i(9*Py)(px')\ s dx' X ' 

= M s (h y ,p)<(l-\y\)-P\\h y \\ H s. 
The last two estimates yield 

\A m+1 (g * P x ,)(p 2 y')\ s dx') < C(l ~ lyl)^— 1 , \y\ = p 



which is equivalent to (JT^J) ■ □ 

One of main results of this paper is a characterization of the space Mh {B^ 1 , B%' ) 
for < p < q < oo. The following theorem treats the case p > 1, while Theorem [6] 
below covers the case < p < 1 . 
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Theorem 3. Let 1 < p < q < oo, and m > a — 1. Then for a double indexed 
sequence c = {d, : k > 0, 1 < j < dk\ the following conditions are equivalent: 

1. ceM H (B%\Bf). 

2. The function g(x) = X)fe>o rk Sjii ^k^j^ i x ') * s harmonic in B and satisfies 
the following condition 

(19) ATiCff) <oo. 

Proof. Since necessity of (| 19[) is contained in Lemma [8] we prove sufficiency of 
condition (|19p . We assume p and g are finite, the remaining cases can be treated in 
a similar manner. Take / 6 B^ 1 and set h — M c f. Applying the operator A m +i 
to both sides of equation (fT"3|) we obtain 



(20) A m +Mrx) = / A m+1 (g * P y ,)(x)f(ry')dy'. 

Js 

Now we estimate the L 1 norm of the above function on \x\ = r: 
M 1 (A m+1 h,r 2 ) < f M 1 {A m+1 (g*P v ,),r)\f(n/)\dy' 



< Mi(/,r) sup / \A m+1 {g * P y ,){rx')\dx' 
y'esJs 

(21) < M 1 (f,r)N 1 (g)(l - r )°-/»-"»-i. 

Since, 

Mf(fc,r 2 )(l-r) ft, - 1 r n - 1 dr < C / (l-rf( m+1 )A/f(A m+1 /i, r 2 )(l-r) /3p -V"- 1 ( ir, 



see [3], we have 

||>C,.i<C / 1 (l-0 P(m+1) <(A m +i/ l ,r 2 )(l-r)' 3 P- 1 r"- 1 dr 
"p Jo 

< CNf(g) [ Mf (/, r)(l - r) *- 1 ^ -1 ^ 



= ^(9)11/11^, 

and therefore |j/i|j sP ,i < ||/|| b p,i- Since < C||/i|| s p,i the proof is complete. 

□ 

Next we consider multipliers from B^ 1 to Hi, in the case < p < 1 we obtain 
a characterization of the corresponding space. 

Theorem 4. Let f3 > 0, 0<p<l,s>l and m > a — 1. Then, for a double 
indexed sequence c = {ci : fc > 0, 1 < j < dk} the following two conditions are 
equivalent: 

1. ceM H (B%\H$). 

2. The function g(x) = J2k>o rk Xw=i i x ') * s harmonic in B and satisfies 
the following condition: 

(22) N s {g) < oo. 
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Proof. The necessity of condition ([22]) is contained in Lemma Now we turn 
to the sufficiency of (|22|). We chose / S BQ 1 and set h = c* f. Then, by Lemma |6] 

(23) h(r 2 x') = 2 f f A m+1 {g * P/r)(rRx')f(rR£)(l - R 2 ) m R n - l d£,dR 
Jo Js 



and this allows us to obtain the following estimate: 



M s (h 7 r 2 ) < 2 / V - i? 2 )" 1 ^"- 1 f A m+ i(g * P $ )(rRx')f(rR^)d^ 
Jo Js 

< 2 / (f - R 2 ) m R n - 1 M 1 (f,rR) sup ||A m+1 ( 5 * P t )(rJ2a/)||£.dfl 
Jo £es 



L s (S,dx') 



<CN s (g) (f- J R) m M 1 (/,r J R)(f-ri?) 



a— /3 — m — 1 



dR 



<CN s (g) / M x {f,rR){l-rR) 



a-P-l 



dR 



o 



(f - r-R) 

Note that M 1 (f,rR) is increasing in < i? < 1, therefore we can combine Lemma 
[3] and the above estimate to obtain, for 1/2 < r < 1: 

M*{hy)<CN*(g) J o Ml{f,rR) { {i _J R)pp+p dR 



<CNZ(g)(l-r)- pfj / M 1 (f ) R)(l-R) ap - 1 dR 
Jo 

<CNV(g)(l-r)-^\\f\\v 



Therefore M s (h 7 r 2 ) < CN s (g)(l — r)~P\\f\\ BP ,i, which completes the proof of the 
Theorem. □ 

The omitted case p — oo is treated in our next theorem, which gives a charac- 
terization of the space Mh(H^, Hg)- 

Theorem 5. Let a > 0, (3>0, l<p<oo and m > a — 1. Then for a 
double indexed sequence c = {cL : k > 0, 1 < j < dk} the following conditions are 
equivalent: 

1. c£M H (HlH%). 

2. The function g(x) — X)fe>o r * ^2j=i c ~kYj k \x') is harmonic in B and satisfies 
the following condition: 

(24) N p (g) < oo. 

In the case p = oo condition (I24[) is interpreted in the usual manner. 
Proof. Let us assume c € Mh(H^, H%) and set h y — M c f y for y e B. Then we 
have, by continuity of M c and by Lemma [7] 

HM*2 <C||/„|| ff i <C(l-\y\) a - m - \ 
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On the other hand, 

(25) \\h y \\ n > (1 - p)f>M p (hy,p) > (1 - P f (J \K m+l {g * P x ,)(p 2 y)\PdA , 

and the above estimates imply (|24j) . Now we prove sufficiency of the condition 
([24)) . Choose / € if* and set h = c* f. We apply continuous form of Minkowski's 
inequality to ([20]) to obtain 

M p (A m+1 /i,r 2 ) < Mi(/,r) sup M p (A m+1 (g * P y ,),r) 

<N p {g){l-rr-^- m - x M 1 {f,r). 

Therefore sup r<1 (l-r) m + 1 + /3 M p (A m+ i/i,r) < C||/|| ff i and it follows, see [3J, that 
sup r<1 (l — r)P M p (h,r) < C||/||#i as required. The case p = oo is treated the same 
way. □ 

Since if|° = Ajg? the p = oo case of this theorem gives a complete description of 
the space M H (H^,A ( a'). The next proposition gives necessary conditions for c to 
be in Mh{X, AT) for some spaces X. 

Proposition 2. Let m £ N and m > a. Lei ms consider, for a double indexed 
sequence c = {ci : k > 0, 1 < j < dk} the following conditions: 

1. ceM H (Al,Af). 

2. ceM H (BP a \Af). 

3. The junction g{x) = ~^2 k>Q r k Xw=i tftYj k \ x ') * s harmonic in B and satisfies 
the following condition: 

(26) M t {g) = sup sup (1 - pY\A m+1 (g * P x >){py')\ < oo. 

0<p<l x',y'£S 

Then we have: 1 => 3 with t = rn + j3 — a and 2 => 3 urai/i £ = m + l + /3 — a. 

Proof. Let X be one of the spaces A a , B^ 1 . As in the previous theorems, we 
choose a multiplier c from X to A'p* and note that \\c* f\\A°° < C||/||x- We apply 
this to f y , y = py' £ B to obtain, with h y — c* f y , the estimate 

ll'HrlUr ^ c ^ x - 

Next, 

\\hy\\ A f > (1 - pfM^hytp) = (1 - p)" sup Mpz')l 

= (i- /9 ) /3 su P |A m+1 ( 5 *p ;r 0(p 2 y')l- 

and both implications follow from Lemma [7] □ 

The next theorem complements Theorem [3j in less general form it appeared in 
[2] and for completness of exposition we present, with permission of the authors, a 
proof. 

Theorem 6. Let < p < 1, m> a — 1 and p < q < oo. Then for a double indexed 
sequence c = {ci : k > 0, 1 < j < d k } the following conditions are equivalent: 
1. c€M H (B%\Bf). 
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2. The function g(x) = X)fc>o rk ^j— 1 c k^'^( x ') * s harmonic in B and satisfies 
the following condition 

(27) < oo. 

Proof. Necessity of condition (|27|) follows from Lemma |8] Now we prove suffi- 
ciency of condition ([27]). Let / 6 ££ 4 (B) and set h = c* /. Then, using Lemma |6l 
we have: 

/ < I I I |A m+1 («? * P x ,)(rRZ)\\f{pRt)\{l - R 2 ) m R^ 1 d£dx' 'dR 

Js Jo Js JS 

<C f (sup f \A m+1 (g*P x ,)(rRZ)\dx') f |/(pi20|d£ 

JO \?6S / JS 

(1 - R 2 ) m R n - l dR, 
and letting p — > 1 this gives 

\h{rx')\dx' <C f (sup [ \A m+1 (g * P x/ )(rR£)\dx' ) [ \f(R$)\d£ 



o \?gsj§ 
2 \ m — 1 . 



(f - R ) m R n ~ dR. 
For each fixed £ G § the function 

1^(.R)= / |A m+ i( ff *lV)(rflO|dx / = / |A ro+1 ( 9 * P 6 ){rRx')\dx' 



is increasing for < R < 1, due to subharmonicity of = |A m +i(<7 * Pf)(nc)|. 

Therefore the function 

G r (R) = (sup / \A m+1 (g*P x ,){rRt)\dx' ) f \f(B£)\d£, < R < 1 
y^es Js y Js 

is increasing and we can apply Lemma [3] to obtain 

(J \h(rx'\dx'Y < C G r (R)(l - R 2 ) m R n ~~ 1 dR S j 

<C [ G r {R) p {l - R) m P+P- 1 IV , - 1 dR. 
Jo 

Since, for < r < 1, G r (i?) < 7Vi(p)Mi(/, i?)(l - r ij)"-/9-m-i we have; using 
Lemma [2] 



< CATxCfff / Mi(/, - ^r^di? = C||/F Pil 
Jo a 



and we proved ||/i|| b p,i < C[|/[[ b p,i This, together with inequality < 
C||/i|| b p,i finishes the proof. □ 
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3. Estimates for distances in harmonic function spaces in the unit 
ball and related problems in 

In this section we investigate distance problems both in the case of the unit ball 
and in the case of the upper half space. 

Lemma 9. Let < p < oo and a > — 1. Then there is a C = C v _ a ^ n such that for 
every f € -A£,(B) we have 

\f(x)\ <C(l-\x\)-^\\f\\ Al , xeM. 



Proof. We use subharmonic behavior of |/| p to obtain 

\f(x)\ p < r , / , , , \f(y)\ p dy 



~ (1-N) n Jb( Xi i=P) 

<c(i-\x\)- a - n \\f\f APa . □ 

This lemma shows that A v a is continuously embedded in A^ +n and motivates the 
distance problem that is investigated in Theorem [7J 

Lemma 10. Let < p < oo and a > — 1. Then there is C — C p , a ,n such that for 
every f G AP a and every (x,t) € R^ +1 we have 

(28) ^Cy-^WfW^. 

The above lemma states that A v a is continuously embedded in A°^ +n+1 , its proof 

is analogous to that of Lemma [9J 

For e > 0, t > and / G h(M) we set 

U e ,t(f) = Ue,t = {x G B : |/(x)|(l - |ar|)* > e}. 

( , .. , . , , . , . , _ 0+71 A ^ mav/ 21+21 

i!(/) = disW (/,^), 



Theorem 7. Lei p > 1, a > -1, t = a±» and f3 > max(2±2 - 1, a), /3 G N Q . Set, 



t 2 (/) = inf je>0: / ( / 



\Qp(x,y)\(l - \y\) fi -*dy (1 - M)"^ < oo 



Then ii(/)xt 2 (/). 



Proo/. We begin with inequality ti(/) > ia(/)- Assume ti(f) < t 2 (f). Then 
there are < t\ < e and f\ G A p such that ||/ — < ei and 



IQ^x, 2/)[(l - |l/|)"-*di/l (1 - \x\) a dx = +oo. 



Since (1 - |x|)* |/i(z)l > (1 - \x\Y\f(x)\ - (1 - |x|)* |/(x) - fi(x)\ for every lelwe 
conclude that (1 - |x|)*|/i(x)| > (1 - \x\f\f{x)\ > (I - \x\y\f(x)\ - e x and therefore 

(e - e 1 ) XUeA f)(x)(l - [as])-* < |/i(x)|, x G B. 
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Hence 

/ IQ^ym-lylf-'dy) (l-\x\rdx 
>u c ,tU) J 

<CU f ( f \Mv)\\Qii(x,y)\(l-\v\)f , dy) (1 - \x\) a dx = M, 
Jb \Jm J 

and we are going to prove that M is finite, arriving at a contradiction. Let q be 
the exponent conjugate to p. We have, using Lemma 21 



p/q 



I(x) = Qjh(y)\(l-\y\f\Q p (x,y)\dy 

= (J - \y\f\Q^y)\^^- e) \Q^y)\^^ +e) dyJ 

< I \h{y)n^-\y\Y p \Qp{^y)\ z±i ^dy{( \Q p {x,y)\^d y 

Jb \Jb 

< C(l - \x\)-^ [ \h(y)\ p (l - \y\Y p \Q^y)\ :i± ^dy 

Jb 

for every e > 0. Choosing e > such that a—pe > — 1 we have, by Fubini's theorem 
and Lemma [4] 

M < C f \h(y)\ p (l - \y\yP I {I- \x\) a -v\Qp(x,y)\ !1±S & ± dxdy 



<C / \fi(y)\ p {l-\v\) a dy<oo. 
Jb 

In order to prove the remaining estimate t\{f) < Ct2(f) we fix e > such that 
the integral appearing in the definition of <2(/) is finite and use Theorem [TJ with 
13 > max(< - 1,0): 

/(*)=/ Qe(x,y)f(y)(l-\y\ 2 fdy+ [ Qp(x, y)f(y)(l - \y\ 2 fdy 

= fi(x) + f 2 (x). 

Since, by Lemma H \fi(x)\ < 2? J n \Qp(x, y)\(l - ^f^dy < (7(1- |a:|)-* we have 
H/ilUf < Ce. Thus it remains to show that ji £ AP a and this follows from 

\\h\\% <\\f\\ p Ar f [ I IQp&ym-lyiy-tdy) (1 - \x\) a dx < oo. □ 

The above theorem has a counterpart in the M™ +1 setting. As a preparation for 
this result we need the following analogue of Lemma [4] 

Lemma 11. For S > —I, 7 > n + 1 + S and m £ No we have 

\Q m ( Zl w)\^+is s dyds < Ct s -~< +n+ \ t > 0. 

n + l 
+ 
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Proof. Using Fubini's theorem and estimate ([5]) we obtain 
/(*)=/ \Q m (z,w)\^rn s s dyd3<C [°° s 5 ( [ ——^L——\ds 



+1 
+ 



[\y\ 2 + (s + trp 



poo 

= c s s {s + t) n -<ds = ct & - 1+n+1 . a 

Jo 

For e > 0, A > and / e /i(R'^ +1 ) we set: 

V e ,x(f) = {(x,t)GR n + +1 :\f(x,t)\t x >e}. 



Theorem 8. Letp > 1, a > -1, A = a+ ™ +1 , to e N andm> max( a+ ^ +1 -1, f) 



Set, for f £ A™ +n+1 ( 

V 

«i(/)=dist yi ._ i< (/,iS), 



a + 't + l 



s 2 (f) = inf |e > : J ^ Q m (z,w)s f) - t dyds^ t a dxdt < cxd| . 

Then s x (/) x s 2 (/). 

The proof of this theorem closely parallels the proof of the previous one, in fact, 
the role of Lemma [4] is taken by Lemma [11] and the role of Theorem [1] is taken by 
Theorem [2j We leave details to the reader. 
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